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K-THEORETIC CHOW GROUPS OF DERIVED
CATEGORIES OF SCHEMES
ON A QUESTION BY GREEN-GRIFFITHS
SEN YANG
Abstract. Based on Balmer’s tensor triangular Chow group [5],
we propose K-theoretic Chow groups of derived categories of noe-
therian schemes and their Milnor variants for regular schemes and
their thickenings. We discuss functoriality and show that our Chow
groups agree with the classical ones [12] for regular schemes. We
also define tangent spaces to our Chow groups as usually and iden-
tify them with cohomology groups of absolute differentials.
Moreover, we extend Bloch-Quillen identification from regular
schemes to their thickenings. This gives a positive answer to a
question by Green-Griffiths, see question 1.1 below. We continue
exploring the geometry of these K-theoretic Chow groups in forth-
coming papers.
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1. Introduction
The study of Chow groups of algebraic cycles is a central topic in al-
gebraic geometry. Relating with several important conjectures, includ-
ing Hodge conjecture and Bloch-Beilinson conjecture, Chow groups are
very difficult to study.
Recently, Green-Griffiths made progress on studying tangent spaces
to Chow groups [15,16]. Fundamental to their work is the Soule´ variant
of the Bloch-Quillen identification
CHp(X) = Hp(X,KMp (OX)) mod torsion,
here X is a smooth projective variety over C, KMp (OX) is the Milnor
K-theory sheaf associated to the presheaf
U → KMp (OX(U)).
In [15], Green-Griffiths suggested that it would be interesting to ex-
tend Bloch-Quillen identification to infinitesimal thickening (X,OX[t]/(t
m+1)).
Question 1.1. Green-Griffiths
Let Xm denote the thickening (X,OX [t]/(t
m+1)), do we have the
following identification?
CHp(Xm) = H
p(Xm,K
M
p (OX [t]/(t
m+1))) mod torsion.
The answer is “No” for the calssical Chow groups, since the classical
Chow groups can’t detect nilpotent. To be precise, we have
CHp(X) = CHp(Xm).
On the other hand, we know that
Hp(X,KMp (OX)) 6= H
p(Xm, K
M
p (OX [t]/(t
m+1))).
In fact,
Hp(Xm,K
M
p (OX [t]/(t
m+1))) = Hp(X,KMp (OX))⊕H
p(X, (Ωp−1X/Q)
⊕m).
here Ωp−1X/Q is the absolute differentials.
This inspires us to propose a new definition of Chow groups capturing
the nilpotent which is useful for studying deformation problems. Our
starting point is to look at the derived categoryDperf(X) obtained from
the exact category of perfect complexes of OX-modules. It is obvious
that the derived category Dperf(X) is different from Dperf(Xm).
In our approach, the derived category Dperf(X) is considered as a
tensor triangulated category, see [example 2.2]. Now, we turn to an-
other side of this story, tensor triangular geometry. Mainly developed
by P.Balmer and his collaborators, tensor triangular geometry is the
study of tensor triangulated categories by algebraic geometry methods.
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Although a relatively new subject in its early stage, tensor triangular
geometry has shown its power in studying algebraic geometry, modu-
lar representation theory and etc. For a good survey of this wonderful
subject and its achievement, we refer the readers to Balmer’s ICM talk
[6].
It is Balmer’s beautiful reconstruction theorem [1,Theorem 6.3] that
opens the new land of this exciting theory. As recalled below, Balmer’s
reconstruction theorem says that a scheme can be reconstructed from
its associated tensor triangulated category Dperf(X).
Theorem 1.2. [Balmer]
Let X be a quasi-compact and quasi-seperated scheme. We have an
isomorphism Spec(Dperf(X)) ≃ X of ringed spaces.
Since one can reconstruct the scheme X from the tensor triangulated
categoryDperf(X), then it is reasonable to define Chow groups in terms
of Dperf(X), considered as a tensor triangulated category. One would
like to have a functor CHq(D
perf(−)) for schemes with good functorial
properties, flat pull-back , proper push-forward and etc. Moreover, one
should have CHq(D
perf(X)) = CHq(X) for “nice” schemes.
Such a construction has been proposed in [5] by P.Balmer and fol-
lowed by S.Klein [19]. Balmer’s new insight is to allow the coeffi-
cients of q-cycles to lie in Grothendieck groups of suitable triangu-
lated categories. To be precise, one filters tensor triangulated category
Dperf(X) by (-co)dimension of support. Then q-cycles is defined to be
Grothendieck groups of idempotent completion of the q-th Verdier quo-
tient of the filtration. See [definition 2.13, 2.14] for precise definitions.
As pointed out in [4], taking idempotent completion can result in
the appearance of negative K-groups. In order to include this im-
portant information into our study, we propose our K-theoretic Chow
groups of Dperf(X) by slightly modifying Balmer’s, see [definition 3.6].
Our Chow groups indeed are subgroups of Balmer’s. Moreover, our
Chow groups are cohomology groups of Gersten complexes. This is
also guided by Quillen’s proof of Bloch’s formula [25].
Our main results are as follows.
• Definitions. We propose definitions of K-theoretic Chow groups
of derived categories of noetherian schemes, see definition 3.6.
And we also define Milnor K-theoretic Chow groups of derived
categories of regular schemes and thickenings, see definition 4.4
and 4.30. Milnor Chow groups of 0-cycles are discussed in ap-
pendix.
• Functoriality. Flat pull-back and proper push-forward are dis-
cussed in section 3.3.
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• Agreement. We show that our (Milnor)Chow groups of derived
categories agree with the classical ones for regular schemes, see
theorem 3.8, theorem 4.31 and theorem 5.2.
• Bloch’s formula. We show our (Milnor)Chow groups of derived
categories satisfy Bloch’s formula for regular schemes and their
thickenings, see theorem 4.25 and theorem 4.32. This provides
a positive answer to the above question by Green-Griffiths.
• We define tangent spaces to our Chow groups as usually, while
the classical Chow groups can’t do. We also identify tangent
spaces to our Chow groups with cohomology groups of absolute
differentials. See definition 4.26, theorem 4.27, definition 4.33
and theorem 4.34.
The search of generalized cycles and Chow groups is also motivated
by intersection theory. The classical construction of the Chow ring fails
when one deals with singular algebraic varieties. Among others, Levine-
Weibel and Pedrini-Weibel defined relative Chow groups [20,23]. They
also proved their relative Chow groups satisfied Bloch’s formula [21,24].
Comparing our Chow groups of derived categories with relative Chow
groups, we suggest a question (on page 15) which might be closely
related with Gersten conjecture.
The idea of using derived category to define algebraic cycles was also
suggested by Thomason [31]. To honor Thomason whose higher K-
theory of derived categories of schemes has been widely accepted, we
cite his idea here: “ I seek to define a good intersection ring of algebraic
cycles on schemes X where the classical construction of the Chow ring
fails, for example on singular algebraic varieties or on regular schemes
flat and of finite type over Z. Inspired by the superiority of Cartier
divisors over Weil divisors and by recent progress in local intersection
theory, I believe the good notion of algebraic n-cycle is that of those
perfect complexes in some triangulated subcategory An ⊆ D(X)parf
which remains to be defined.”
We shall not discuss intersection theory in this paper. For a good
survey of Chow groups and intersection theory, we refer to Gillet [14].
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Notations and conventions. X is a d-dimensional noetherian
scheme of finite type over a field k, if not stated otherwise. Speck[ε]
denotes the dual number, ε2 = 0.
2. Tensor triangular geometry
We begin with recalling basic definitions and examples of tensor tri-
angular geometry in section 2.1. Following [5], we recall Balmer’s K-
theoretic Chow groups of tensor triangulated categories in section 2.2.
2.1. Background.
Definition 2.1. [6] A tensor triangulated category (L,⊗,∐) is a tri-
angulated category L equipped with a monoidal structure: L⊗L → L
with unit object ∐. We assume that −⊗− exact in each variable, i.e.
both functors a ⊗ − : L → L and − ⊗ a : L → L are exact for every
a ∈ L. Let
∑
denote the suspension of L, we assume that natural iso-
morphisms (
∑
a)⊗b ∼=
∑
(a⊗b) and a⊗(
∑
b) ∼=
∑
(a⊗b) compatible
in that the two ways from (
∑
a)⊗ (
∑
b) to
∑2(a⊗ b) only differ by a
sign.
Although some of the theory holds without further assumption, we
are going to assume moreover that is symmetric monoidal : a⊗b = b⊗a.
Examples of tensor triangulated categories can be found from alge-
braic geometry, motivic theory, modular representation theory etc. For
our main interest, we recall the following standard example from alge-
braic geometry. More examples have been discussed in Balmer’s ICM
talk[6].
Example 2.2. [6] Let X be a scheme, here always assumed quasi-
compact and quasi-separated (i.e. X admits a basis of quasi-compact
open subsets). A complex of OX-modules is called perfect if it is locally
quasi-isomorphic to a bounded complex of finite generated projective
modules. Then L = Dperf(X), the derived category of perfect com-
plexes over X, is a tensor triangulated category. See SGA6 [26] or
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Thomason [31]. The tensor ⊗ = ⊗LOX is the left derived tensor product
and the unit ∐ is OX , considered as a complex concentrated in degree
0.
When X = Spec(A) is affine, L = Dperf(X) ∼= Kb(A− proj), is the
homotopy category of bounded complexes of finite generated projective
A-modules.
Another interesting example is Voevodsky’s derived category of geo-
metric motives.
Example 2.3. [33, 6] Let S be the spectrum of a perfect field. Then
L = DMgm(S), Voevodsky’s derived category of geometric motives
over S, is a tensor triangulated category.
The basic idea for studying tensor triangulated categories is to con-
struct a topological space for every tensor triangulated category L,
called the tensor spectrum of L, in which every object b of L would
have a support.
Definition 2.4. [6] A non-empty full subcategory J ⊂ L is a triangu-
lated subcategory if for every distinguished triangle a→ b→ c→
∑
a
in L, when two out of a, b, c belong to J , so does the third.
J is called thick if it is stable by direct summands : a ⊕ b ∈ J ⇒
a, b ∈ J and triangulated.
J is ⊗-ideal if L ⊗ J ⊂ J ; it is called radical if a⊗n ∈ J ⇒ a ∈ J .
Definition 2.5. [2] A thick ⊗-ideal P ⊂ L is called prime if it is
proper(∐ /∈ P) and if a⊗ b ∈ P implies a ∈ P, b ∈ P.
The spectrum of L is the set of primes:
Spc(L) = {P ( L | P is a prime}.
The support of an object a ∈ L is defined as :
supp(a) := {P ∈ Spc(L) | a 6∈ P}.
The complement U(a) := {P ∈ Spc(L) | a ∈ P}, for all a ∈ L, defines
an open basis of the topology of Spc(L).
We recall the following useful condition on L for later use.
Definition 2.6. [6] A tensor triangulated category L is rigid if there
exists an exact functor D : Lop → L and a natural isomorphism
HomL(a⊗ b, c) ∼= HomL(b,Da⊗ c) for every a, b, c ∈ L.
Hypothesis 2.7. From now on, we assume our tensor triangulated
category L to be essentially small, rigid and idempotent complete.
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Definition 2.8. [5] A rigid tensor triangulated category L is called
local if a⊗ b = 0 implies a = 0 or b = 0.
Example 2.9. [5] For every prime P ∈ Spc(L), the following tensor
triangulated category is local in the above sense :
LP := (L/P)
#,
where L/P denote the Verdier quotient and (−)# the idempotent com-
pletion.
Definition 2.10. [5] Assuming that L is local and that Spc(L) is
noetherian, the open complement of the unique closed point {∗} in
Spc(L) is quasi-compact. This one-point subset corresponds to the
minimal non-zero thick ⊗-ideal
Min(L) := {a ∈ L | supp(a) ⊂ {∗}}.
These are the objects with minimal possible support (empty or a
point).
2.2. Balmer’s K-theoretic Chow group. Now, we recall Balmer’s
K-theoretic Chow group of tensor triangulated categories. We begin
with the definition of dimension function.
Definition 2.11. [5]
A dimension function on the space Spc(L) is a map dim: Spc(L)→
Z ∪ {±∞} satisfying the following two conditions:
• P ⊆ Q implies dim(P) ≤ dim(Q).
• P ⊆ Q and dim(P) = dim(Q) ∈ Z imply P = Q.
Examples are Krull dimension of {P} in Spc(L), or the opposite of
its Krull codimension.
Assuming dim(-) is clear from the context, we shall use the notation
Spc(L)(p) := {P ∈ Spc(L) | dim(P) = p}.
Theorem 2.12. [3]
For a closed subset Y ⊂ Spc(L), we set dim(Y ) = Sup{dim(P) |
P ∈ Y } and consider the filtration · · · ⊂ L(p) ⊂ L(p+1) ⊂ · · · ⊂ L by
dimension of support
L(p) := {a ∈ L | dim(supp(a)) ≤ p}.
For every integer p ∈ Z, we have the following equivalence induced by
localization
(L(p)/L(p−1))
# ≃
⊔
P∈Spc(L)(p)
Min(LP)
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where L(p)/L(p−1) is the Verdier quotient and (−)
# the idempotent
completion.
With the above preparation, we are ready to recall Balmer’s K-
theoretic Chow group.
Definition 2.13. [5] Let p ∈ Z, one define K-theoretic p-cycles asso-
ciated to the tensor triangulated category L to be
Zp(L) := K0(L(p)/L(p−1))
#) =
⊕
P∈Spc(L)(p)
K0(Min(LP)),
where K0 is the Grothendieck K-group(the quotient of the monoid of
isomorphism class [a] of objects under ⊕, by the submonoid of those
[a] + [
∑
b] + [c] for which there exists a distinguish triangle a → b →
c→
∑
a).
According to [5], a K-theoretic p-cycles can be written as
∑
P λP ·
{P}, for λP ∈ K0(Min(LP)). Balmer’s new insight is to allow coeffi-
cients λP to live in the Grothendieck groups of Min(LP).
Definition 2.14. [5] Let p ∈ Z, we use Ker(i) denote the Kernel of
K0(L(p))
i
−→ K0(L(p+1)):
Ker(i)→ K0(L(p))
i
−→ K0(L(p+1)).
The K-theoretic p-boundariesBp(L) is defined as the image ofKer(i)
in Zp(L)
Bp(L) := j ◦Ker(i),
where j : K0(L(p))→ K0(L(p)/L(p−1))#)(= Zp(L)).
The K-theoretic Chow group of p-cycles in L, denoted CHp(L), is
defined to be the quotient of p-cycles by p-boundaries:
CHp(L) =
Zp(L)
Bp(L)
.
3. K-theoretic Chow groups of derived categories of
schemes
In this section, we propose and study K-theoretic Chow groups of
derived categories of noetherian schemes. In section 3.1, we propose
K-theoretic Chow groups by slightly modifying Balmer’s. We show
that our K-theoretic Chow groups recover the classical ones for regular
schemes in section 3.2. Functoriality is discussed in section 3.3. Com-
paring with the relative Chow groups, we suggest a question closely
related with Gersten conjecture in 3.4.
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3.1. Definition. Let X be a noetherian scheme of finite Krull di-
mension d. As explained in Example 2.2, the derived category L =
Dperf(X) is a tensor triangulated category. With chosen dimension
function on Dperf(X), one can filter this category · · · ⊂ L(p) ⊂ L(p+1) ⊂
· · · ⊂ L by dimension of support
L(p) := {a ∈ L | dim(supp(a)) ≤ p}.
The Verdier quotient L(p)/L(p−1) doesn’t have good description when
X is singular. However, theorem 2.12 guides us to look at the idempo-
tent completion (L(p)/L(p−1))
#.
To fix some notations, for every i ∈ Z, we define X(i) = {x ∈ X |
dim{x} = i}. We further assume the dimension function satisfy: −d ≤
dim(−) ≤ d.
Theorem 3.1. [3]
For each p ∈ Z, localization induces an equivalence
(L(p)/L(p−1))
# ≃
⊔
x∈X(p)
Dperfx (X)
between the idempotent completion of the quotient L(p)/L(p−1) and the
coproduct over x ∈ X(p) of the derived category of the OX,x-modules
with homology supported on the closed point x ∈ spec(OX,x).
The short sequence
L(p−1) → L(p) → (L(p)/L(p−1))
#,
which is exact up to summand, induces a long exact sequence:
· · · → Kn(L(p−1))
i
−→ Kn(L(p))
j
−→ Kn((Lp/Lp−1)
#)
k
−→ Kn−1(L(p−1))→ . . .
We can apply Balmer’s definition 2.13 and 2.14 to this setting.
Definition 3.2. [5] Let p ∈ Z, one defines K-theoretic p-cycles asso-
ciated to the tensor triangulated category L = Dperf(X) to be(with
respect to chosen dimension function)
Zp(L) := K0(L(p)/L(p−1))
#) =
⊕
x∈X(p)
K0(OX,x on x).
Definition 3.3. [5] Let p ∈ Z, we use Ker(i) denote the Kernel of
K0(L(p))
i
−→ K0(L(p+1)). The K-theoretic p-boundaries Bp(L) is defined
as the image of Ker(i) in Zp(L)
Bp(L) := j ◦Ker(i),
where j : K0(L(p))→ K0(L(p)/L(p−1))
#)(= Zp(L)).
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The K-theoretic Chow group of p-cycles in L, denoted CHp(L), is
defined to be the quotient of p-cycles by p-boundaries
CHp(L) =
Zp(L)
Bp(L)
.
As pointed in [4], the long exact sequence
· · · → Kn(L(p−1))
i
−→ Kn(L(p))
j
−→ Kn((Lp/Lp−1)
#)
k
−→ Kn−1(L(p−1))→ . . .
produces an exact couple as usually and then gives rise to the associ-
ated coniveau spectral sequence with E1-term:
Ep,q1 = K−p−q((L(−p)/L(−p−1))
#).
The differential d is the composition d = j ◦ k as usual
dp,q1 : K−p−q((L(−p)/L(−p−1))
#)
k
−→ K−p−q−1(L(−p−1))
j
−→ K−p−q−1((L(−p−1)/L(−p−2))
#).
Definition 3.4. [4]
For each integer q satisfying −d ≤ q ≤ d , the qth Gersten complex
Gq is defined to be the −qth line of E1 page of the above coniveau
spectral sequence
Gq : 0→
⊕
x∈X(d)
Kd+q(OX on x)→
⊕
x∈X(d−1)
Kd+q−1(OX on x)→ . . .
→ · · · →
⊕
x∈X(−(q−1))
K1(OX,x on x)
dq−1,−q1−−−−−→
⊕
x∈X(−q)
K0(OX,x on x)
dq,−q1−−−→ · · · →
⊕
x∈X(−d)
Kq−d(OX,x on x)→ 0.
Theorem 3.5. Balmer’s K-theoretic (-q)-boundaries B−q(L) for L =
Dperf(X) agrees with the image of the differential dq−1,−q1
B−q(L) = Im(d
q−1,−q
1 ).
Proof. The long exact sequence
· · · → K1((L(−q+1)/L(−q))
#)
k
−→ K0(L(−q))
i
−→ K0(L(−q+1))→ . . .
shows that Ker(i) = Im(k). So B−q(L) = j ◦ Ker(i) = j ◦ Im(k),
where j : K0(L(−q))→ K0((L(−q)/L(−q−1))
#).
The conclusion follows since the differential dq−1,−q1 is the composition
d = j ◦ k
dq−1,−q1 : K1((L(−q+1)/L(−q))
#)
k
−→ K0(L(−q))
j
−→ K0((L(−q)/L(−q−1))
#).

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With the above preparation, we are ready to propose our K-theoretic
definitions of Chow groups.
Definition 3.6. With chosen dimension function on Dperf(X), the
K-theoretic q-cycles and K-theoretic rational equivalence of (X,OX),
denoted Zq(D
perf(X)) and Zq,rat(D
perf(X)) respectively, are defined
to be
Zq(D
perf(X)) = Ker(dq,−q1 )
Zq,rat(D
perf(X)) = Im(dq−1,−q1 ).
The qth K-theoretic Chow group of (X,OX), denoted by CHq(D
perf(X)),
is defined to be
CHq(D
perf(X)) =
Zq(D
perf(X))
Zq,rat(Dperf(X))
.
It is clear that our K-theoretic Chow groups are cohomology groups
of Gersten complexes. It is also clear that our K-theoretic Chow groups
are subgroups of Balmer’s.
Corollary 3.7. Let L = Dperf(X), we have the following :
Zq,rat(D
perf(X)) = B−q(L)
Zq(D
perf(X)) ⊆ Z−q(L)
CHq(D
perf(X)) ⊆ CH−q(L)
3.2. Agreement. We show that our K-theoretic Chow groups recover
the classical ones for regular schemes.
Theorem 3.8. Let X be a regular scheme of finite type over a field k
and let the tensor triangulated category Dperf(X) be equipped with
−codimKrull as a dimension function, our K-theoretic Chow group
agrees with the classical one
Zq(D
perf(X)) = Zq(X)
Zq,rat(D
perf(X)) = Zqrat(X)
CHq(D
perf(X)) = CHq(X).
Moreover, we have also Bloch’s formula:
CHq(D
perf(X)) = Hq(X,Kq(OX)) = CH
q(X).
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Proof. When the tensor triangulated category Dperf(X) is equipped
with−codimKrull as a dimension function,X(−i) = {x ∈ X | −codimKrull{x} =
−i} = {x ∈ X | codimKrull{x} = i} = X(i). So the Gersten complex
Gq is
0→Kq(X)→
⊕
x∈X(0)
Kq(OX,x)→ . . .
dq−1,−q1−−−−−→
⊕
x∈X(q)
K0(OX,x on x)
dq,−q1−−−→
⊕
x∈X(q+1)
K−1(OX,x on x)→ · · · →
⊕
x∈X(d)
Kq−d(OX,x on x)→ 0.
Since X is a regular scheme of finite type over a field k, then Quillen’s
de´vissage [25] says the above Gersten complex agrees with Quillen’s
classical one, whose sheafification is a flasque resolution:
0→Kq(X)→ Kq(k(X))→
⊕
x∈X(1)
Kq−1(k(x))→ . . .
dq−1,−q1−−−−−→
⊕
x∈X(q)
K0(k(x))
dq,−q1−−−→
⊕
x∈X(q+1)
K−1(k(x))→ · · · →
⊕
x∈X(d)
Kq−d(k(x))→ 0.
Since k(x) is regular, K−1(k(x)) = 0. So
Zq(D
perf(X)) = Ker(dq,−q1 ) =
⊕
x∈X(q)
K0(k(x)) = Z
q(X).
As explained in [25], the image of dq−1,−q1 gives the rational equiva-
lence. Hence,
Zq,rat(D
perf(X)) = Im(dq−1,−q1 ) = Z
q
rat(X).
Therefore, we have the following identification
CHq(D
perf(X)) = CHq(X).
Bloch’s formula
CHq(D
perf(X)) = Hq(X,Kq(OX)) = CH
q(X)
follows immediately from the fact that the sheafification of the Gersten
complex is a flasque resolution. 
Theorem 3.9. Let X be a d-dimensional regular scheme of finite type
over a field k and let the tensor triangulated category Dperf(X) be
equipped with dimKrull as a dimension function, then we have the
following identifications
Zq(D
perf(X)) = Zd+q(X)
Zq,rat(D
perf(X)) = Zd+qrat (X)
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CHq(D
perf(X)) = CHd+q(X).
Proof. When the tensor triangulated category Dperf(X) is equipped
with dimKrull as a dimension function, the augmented Gersten complex
Gq is
Gq : 0→ Kd+q(X)→
⊕
x∈X(d)
Kd+q(OX,x on x)→ · · · →
⊕
x∈X(−(q−1))
K1(OX,x on x)
dq−1,−q1−−−−→
⊕
x∈X(−q)
K0(OX,x on x)
dq,−q1−−−→
⊕
x∈X(−(q+1))
K−1(OX,x on x)→ . . .
SinceX(−i) = {x ∈ X | dimKrull{x} = −i} = {x ∈ X | codimKrull{x} =
d+ i} = X(d+i), so Gq is
Gq : 0→ Kd+q(X)→
⊕
x∈X(0)
Kd+q(OX,x on x)→ · · · →
⊕
x∈X(d+(q−1))
K1(OX,x on x)
dq−1,−q1−−−−→
⊕
x∈X(d+q)
K0(OX,x on x)
dq,−q1−−−→
⊕
x∈X(d+(q+1))
K−1(OX,x on x)→ . . .
The remaining proof is the same as the above one.

3.3. Functoriality. In this subsection, we discuss functoriality of K-
theoretic Chow groups, flat pull-back and proper push-forward.
Flat pull-back. Let X and Y be noetherian schemes with an ample
family of line bundles(([SGA 6] II 2.2.3, or [32] 2.1.1]) and f : X → Y
a flat morphism. For a noetherian scheme with an ample family of line
bundles S(S = X, Y ), Dperf(S) is equivalent to the derived category
obtained from strict perfect complexes of OS-modules(see [32, lemma
3.8]). We use the later in the following and also assume Dperf(S)
equipped with the dimension function −codimKrull.
Lemma 3.10. ([SGA 6] 1.2, [32] 2.5.1]) Let f : X → Y be a map
of schemes, Lf ∗ sends (strict)perfect complexes to (strict)perfect com-
plexes
Lf ∗ : Dperf(Y )→ Dperf(X).
Proof. For E• a strict perfect complex on Y , f ∗E• is clearly a strict
perfect complex on X . This complex represents Lf ∗E• as the vector
bundles Ei are flat over OY and hence deployed for Lf
∗. 
Moreover, for f : X → Y a flat morphism, Lf ∗ respects the filtration
of dimension of support. This has been proved by Klein in [19, lemma
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4.2.1] for regular schemes X and Y . In fact , Klein’s proof also works
in our setting.
Lemma 3.11. [19, lemma 4.2.1]
The functor Lf ∗ : Dperf(Y ) → Dperf(X) respect the filtration of
dimension of support
Lf ∗ : Dperf(Y )(p) → D
perf(X)(p).
Theorem 3.12. Let f : X → Y be a flat morphism, then Lf ∗ induces
group homomorphisms
CH(Lf ∗) : CHp(D
perf(Y ))→ CHp(D
perf(X)).
Proof. Lf ∗ respects the filtration of dimension of support
Lf ∗ : Dperf(Y )(p) → D
perf(X)(p)
Lf ∗ : Dperf(Y )(p−1) → D
perf(X)(p−1).
According to universal property of Verdier quotient, we have
Lf ∗ : Dperf(Y )(p)/D
perf(Y )(p−1) → D
perf(X)(p)/D
perf(X)(p−1).
Furthermore, according to [7], we have
Lf ∗ : (Dperf(Y )(p)/D
perf(Y )(p−1))
# → (Dperf(X)(p)/D
perf(X)(p−1))
#.
This induces maps between coniveau spectral sequences E−p,−q1 (X) and
E−p,−q1 (Y )
Lf∗ : Kp+q((D
perf (Y )(p)/D
perf (Y )(p−1))
#)→ Kp+q((D
perf (X)(p)/D
perf (X)(p−1))
#).
Therefore, we have the following commutative diagram
. . . −−−−→
⊕
y∈Y (p−1) K1(OY,y on y)
dp−1,−p1−−−−−→
⊕
y∈Y (p) K0(OY,y on y)
dp,−p1−−−−→ . . .
Lf∗
y Lf∗y Lf∗y
. . . −−−−→
⊕
x∈X(p−1) K0(OX,x on x)
dp−1,−p1−−−−−→
⊕
x∈X(p) K0(OX,x on x)
dp,−p1−−−−→ . . .
Hence, Lf ∗ induces group homomorphisms
CH(Lf ∗) : CHp(D
perf(Y ))→ CHp(D
perf(X)).

II: proper push-forward. LetX and Y still be noetherian schemes
with an ample family of line bundles. We assumeDperf(X) andDperf(Y )
equipped with the dimension function dimKrull.
Let’s recall a theorem from SGA6 firstly. For the definition of pseudo-
coherent and perfect, we refer to [SGA6] III or [32,section 2].
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Lemma 3.13. ([SGA6] III 2.5, 4.8.1 or [32] theorem 2.5.4). Let f :
X → Y be a proper map of schemes. Suppose either that f is pro-
jective, or that Y is locally noetherian. Suppose that f is a pseudo-
coherent (respectively, a perfect) map. Then if E ′ is a pseudo-coherent
(resp. perfect) complex on X , Rf∗(E
′) is pseudo-coherent (resp. per-
fect) on Y .
Examples of perfect maps are smooth maps, regular closed immer-
sion, locally complete intersection ect. We refer the readers to [SGA6]
VII for more discussions.
Corollary 3.14. Let f : X → Y be a proper morphism between
noetherian schemes. Suppose that f is a perfect map. Then Rf∗ sends
perfect complexes to perfect complexes
Rf∗ : D
perf(Y )→ Dperf(X).
We expect that Rf∗ act like Lf
∗, respecting the filtration by dimen-
sion of support. In fact, it does if we allow some assumptions. The
following lemma has been proved by Klein in [19] for both X and Y
integral, non-singular, separated schemes of finite type over an alge-
braically closed field. His proof also works in our setting.
Lemma 3.15. [19, lemma 4.3.1] Let f : X → Y be a proper mor-
phism between algebraic varieties defined over an algebraically closed
field. Suppose that f is a perfect map(so the above corollary applies).
The functor Rf∗ : D
perf(X) → Dperf(Y ) respects the filtration by
dimension of support
Rf∗ : D
perf(X)(p) → D
perf(Y )(p).
Consequently, we have the following theorem
Theorem 3.16. With the above assumption, Rf∗ induces group ho-
momorphisms
CH(Rf∗) : CHp(D
perf(X))→ CHp(D
perf(Y )).
Proof. Similiar to the above theorem 3.12. 
3.4. Relative Chow groups and Gersten conjecture. In [23], Pedrini-
Weibel defined the relative Chow group CHq(X, Y ). To be precise,
Definition 3.17. Let X be a connected d-dimensional quasi-projective
variety(d > 2) whose singular locus sing(X) is finite and is contained in
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a finite closed set Y . The relative Chow group CHq(X, Y ) was defined
to be the cokernel of the cycle map:∐
codim(Z)=q−1
Z∩Y=∅
k(Z)∗ →
∐
codim(Z)=q
Z∩Y=∅
Z
Moreover, Pedrini-Weibel showed that Bloch’s formula holds true for
relative Chow group CHq(X, Y ).
Theorem 3.18. [24]
Let X be a connected d-dimensional quasi-projective variety(d > 2)
whose singular locus sing(X) is contained in a finite closed set Y . Then
for 2 6 q 6 d, there are maps
βq : CHq(X, Y )→ Hq(X,Kq(OX))
which are isomorphisms modulo (d− 1)! torsion.
It is very interesting to compare our CHq(D
perf(X)) with Pedrini-
Weibel’s relative Chow groups CHq(X, Y ). This might be closely re-
lated with the Gersten conjecture. So we suggest the following question.
Question 3.19. Let X be a connected d-dimensional quasi-projective
variety(d > 2) whose singular locus sing(X) is contained in a finite
closed set Y . For 2 6 q 6 d, after tensoring with Q, is the sheafification
of the following Gersten complex a flasque resolution ?
0→ Kq(X)→ Kq(k(X))→ · · · →
⊕
x∈X(d)
Kq−d(OX,x on x)→ 0
Remark 3.20. The answer to the above question is negative in general.
There exist examples disproving it, e.g Proposition 9 in [4]. Thanks
B.Totaro and C.Pedrini for pointing out this.
Corollary 3.21. When the above question 3.19 holds true with some
assumptions, tensoring with Q, then our Chow groups CHq(D
perf(X))
agree with Pedrini-Weibel’s relative Chow groups CHq(X, Y ).
4. Milnor K-theoretic Chow groups of derived
categories of regular schemes and thickenings
4.1. Definition. Keeping Soule´’s variant of Bloch’s formula in mind,
we would like to define Milnor K-theoretic Chow groups of derived
categories of schemes. However, we don’t have Milnor K-theory with
support KMm (OX,x on x) directly. The following theorem of Soule´ [29]
suggests that we can use suitable eigen-space of Adams’ operations to
replace Milnor K-theory, ignoring torsion.
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Theorem 4.1. [Soule´, 29]
ForX a regular scheme of finite type over a field k with characteristic
0, let KMm (OX)(resp. K
(m)
m (OX)) denote the sheaf associated to the
presheaf
U → KMm (OX(U))
(resp. K
(m)
m (OX(U))), whereK
(m)
m is the eigen-space of ψk = km(Adams’
operations ψk is recalled in section 4.3).
After ignore torsion, we have the following identification
K(m)m (OX) = K
M
m (OX).
Following Soule´ ’s theorem, we define Milnor K-theory with support
KMm (OX,x on x) to be suitable eigen-space of Km(OX,x on x).
Definition 4.2. Let X be a d-dimensional noetherian scheme and x ∈
X satisfy dimOX,x = j. After tensoring with Q, Milnor K-theory with
support KMm (OX,x on x) is defined to be
KMm (OX,x on x) := K
(m+j)
m (OX,x on x),
where K
(m+j)
m is the eigen-space of ψk = km+j .
The reason why we choose K
(m+j)
m to define KMm is inspired by an-
other theorem of Soule´, Riemann-Roch without denominator.
Theorem 4.3. Riemann-Roch without denominator–[Soule´, 29]
For X regular scheme of finite type and η ∈ X(j), we have(for any
integer m and i)
K(i)m (OX,η on η) = K
(i−j)
m (k(η)).
This theorem says that our definition of Milnor K-theory with sup-
port is a honest generalization of the classical one, at least for regular
case.
Next, we would like to define Milnor K-theoretic Chow groups of
derived categories of schemes by mimicking definition 3.6. In order
to do that, we need to detect whether the differentials of the Gersten
complex respect Adams’ operations.
To fix the idea, we assume the tensor triangulated category Dperf(X)
is equipped with −codimKrull as a dimension function in the following.
If the differentials dp,−q1 of the Gersten complex(definition 3.4) respect
Adams’ operations, for every i ∈ Z, then there exists the following
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refiner (augmented)complex
0→K(i)q (X)→ · · · →
⊕
x∈X(q−1)
K
(i)
1 (OX,x on x)
dq−1,−q1,i
−−−−−→
⊕
x∈X(i)
K
(i)
0 (OX,x on x)
dq,−q1,i
−−−→
⊕
x∈X(q+1)
K
(i)
−1(OX,x on x)→ · · · →
⊕
x∈X(d)
K
(i)
q−d(OX,x on x)→ 0.
We are interested particularly in the “Milnor” part. One obtains the
following refiner complex by taking i = q
0→K(q)q (X)→ · · · →
⊕
x∈X(q−1)
K
(q)
1 (OX,x on x)
dq−1,−q1,q
−−−−−→
⊕
x∈X(q)
K
(q)
0 (OX,x on x)
dq,−q1,q
−−−→
⊕
x∈X(q+1)
K
(q)
−1(OX,x on x)→ · · · →
⊕
x∈X(d)
KMq−d(OX,x on x)→ 0.
After tensoring with Q, this complex can be written as
0→KMq (X)→ · · · →
⊕
x∈X(q−1)
KM1 (OX,x on x)
dq−1,−q1,q
−−−−−→
⊕
x∈X(q)
KM0 (OX,x on x)
dq,−q1,q
−−−→
⊕
x∈X(q+1)
KM
−1(OX,x on x)→ . . . · · · →
⊕
x∈X(d)
K
(q)
q−d(OX,x on x)→ 0.
Definition 4.4. If the differentials dp,−q1 of the Gersten complex respect
Adams’ operations, then the Milnor K-theoretic q-cycles and Milnor K-
theoretic rational equivalence of (X,OX), denoted Z
M
q (D
perf(X)) and
ZMq,rat(D
perf(X)) respectively, are defined to be
ZMq (D
perf(X)) = Ker(dq,−q1,q ),
ZMq,rat(D
perf(X)) = Im(dq−1,−q1,q ).
The qth Milnor K-theoretic Chow group of (X,OX), denoted by
CHMq (D
perf(X)), is defined to be
CHMq (D
perf(X)) =
ZMq (D
perf(X))
ZMq,rat(D
perf(X))
.
We shall discuss two cases where the above definition works. One
is points on schemes which don’t have negative K-groups because of
dimension reason. So we can use Adams’ operations(at space level) to
refine the Gersten complex. This is discussed in the appendix.
The second one is regular schemes and their thickenings discussed in
the rest of this section. We do explicit computation on eigen-spaces of
relative (negative) cyclic homology in 4.2. Goodwillie and Cathelineau
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type results are proved in 4.3 where Adams’ operations on K-groups
are briefly recalled.
In 4.4, we show that Milnor K-theoretic Chow groups of regular
schemes and their thickenings are well-defined. Moreover, we show
Milnor K-theoretic Chow groups satisfy Bloch’s formula. This gives a
positive answer to Green-Griffiths’ question on extending Bloch-Quillen
identification.
4.2. Adams’ operations on negative cyclic homology. In this
subsection, we do explicit computation on Adams’ eigen-spaces of rel-
ative (negative) cyclic homology for later use.
Let’s begin with recalling notations and definitions. Let A be any
commutative k-algebra, where k is a field of characteristic 0, and I be
an ideal of A. One can associate a Hochschild complexes Ch∗ (A) to A
which has Chn(A) = A
⊗n+1:
Ch∗ : . . .
b
−→ A⊗∗+1
b
−→ . . .
b
−→ A⊗A
b
−→ A→ 0.
The action of the symmetric groups on Ch∗ (A) gives the lambda op-
eration
HHn(A) = HH
(1)
n (A)⊕ · · · ⊕HH
(n)
n (A),
and similarly
HCn(A) = HC
(1)
n (A)⊕ · · · ⊕HC
(n)
n (A),
HNn(A) = HN
(1)
n (A)⊕ · · · ⊕HN
(n)
n (A).
There is also a Hochschild complexes Ch∗ (A/I) associated to A/I.
We use Ch∗ (A, I) to denote the kernel of the natural map
Ch∗ (A)→ C
h
∗ (A/I).
Then the relative Hochschild module HH∗(A, I) is the homology of the
complex Ch∗ (A, I). Moreover, the action of the symmetric groups on
Ch∗ (A, I) gives the lambda operation
HHn(A, I) = HH
(1)
n (A, I)⊕ · · · ⊕HH
(n)
n (A, I)
and similarly
HCn(A, I) = HC
(1)
n (A, I)⊕ · · · ⊕HC
(n)
n (A, I),
HNn(A, I) = HN
(1)
n (A, I)⊕ · · · ⊕HN
(n)
n (A, I).
From now on, R is a regular Noetherian domain and commutative
Q-algebra, and ε is the dual number. We consider R[ε] = R ⊕ εR as
a graded Q-algebra. The following SBI sequence is obtained from the
corresponding eigen-piece of the relative Hochschild complex:
→ HC
(i)
n+1(R[ε], ε)
S
−→ HC
(i−1)
n−1 (R[ε], ε)
B
−→ HH(i)n (R[ε], ε)
I
−→ HC(i)n (R[ε], ε)→
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According to Geller-Weibel [17], the above S map is 0 on HC(R[ε], ε).
This enable us to break the SBI sequence up into short exact sequence:
0→ HC(i−1)n−1 (R[ε], ε)
B
−→ HH(i)n (R[ε], ε)
I
−→ HC(i)n (R[ε], ε)→ 0
In the following, we will use this short exact sequence to compute
HC
(i)
n (R[ε], ε).
Theorem 4.5.
(4.1)
{
HC
(i)
n (R[ε], ε) = Ω
2i−n
R/Q , for
n
2
≤ i ≤ n.
HC
(i)
n (R[ε], ε) = 0, else.
Proof. Step 1. we will prove
HC(i)n (R[ε], ε) = 0, for i <
n
2
.
by showing HH
(i)
n (R[ε], ε) = 0. Noting that HH
(i)
n (R) = 0, it suffices
to show HH
(i)
n (R[ε]) = 0, for i < n2 . By applying Ku¨nneth formula to
R[ε] = R⊗Q Q[ε], we have
HH(i)n (R[ε]) =HH
(0)
0 (R)⊗HH
(i)
n (Q[ε])⊕HH
(1)
1 (R)⊗HH
(i−1)
n−1 (Q[ε])⊕
· · · ⊕HH(i)i (R)⊗HH
(0)
n−i(Q[ε]).
According to [22, 5.4.15], the only possibilities for HH
(i−j)
n−j (Q[ε]) being
nonzero are the followings:
(4.2)
{
n− j is even, n− j = 2(i− j).
n− j is odd, n− j + 1 = 2(i− j).
Neither of them will occur, since i < n
2
. Therefore, HH
(i)
n (R[ε]) = 0.
Step 2. we will show that
HC(i)n (R[ε], ε) = Ω
2i−n
R/Q , for
n
2
≤ i < n.
by computingHH
(i)
n (R[ε], ε) directly and using induction onHC
(i−1)
n−1 (R[ε], ε).
Firstly, we have HH
(i)
n (R) = 0 and HH
(i)
n (R[ε]) can be expressed as
HH(i)n (R[ε]) =HH
(0)
0 (R)⊗HH
(i)
n (Q[ε])⊕HH
(1)
1 (R)⊗HH
(i−1)
n−1 (Q[ε])⊕
· · · ⊕HH(i)i (R)⊗HH
(0)
n−i(Q[ε]).
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According to [22, 5.4.15], the only possibilities for HH
(i−j)
n−j (Q[ε]) being
nonzero are the followings:
(4.3)
{
n− j is even, n− j = 2(i− j), then j = 2i− n.
n− j is odd, n− j + 1 = 2(i− j), then j = 2i− n− 1.
Therefore,
HH(i)n (R[ε]) = HH
(2i−n)
2i−n (R)⊗HH
(n−i)
2n−2i(Q[ε])⊕HH
(2i−n−1)
2i−n−1 (R)⊗HH
(n−i+1)
2n−2i+1(Q[ε]).
HH(i)n (R[ε]) = Ω
2i−n
R/Q ⊕ Ω
2i−n−1
R/Q .
By induction,
HC
(i−1)
n−1 (R[ε], ε) = Ω
2i−n−1
R/Q .
thus,
HC(i)n (R[ε], ε) = Ω
2i−n
R/Q , for
n
2
≤ i < n.
Step 3. We prove the formula for i = n. It is known that
HH(n)n (R) = Ω
n
R/Q.
and
HH(n)n (R[ε]) =HH
(0)
0 (R)⊗HH
(n)
n (Q[ε])⊕HH
(1)
1 (R)⊗HH
(n−1)
n−1 (Q[ε])⊕
· · · ⊕HH(n)n (R)⊗HH
(0)
0 (Q[ε]).
Since HH
(i)
i (Q[ε]) = 0,unless i = 0, 1, we have
HH(n)n (R[ε]) = HH
(n)
n (R)⊗HH
(0)
0 (Q[ε])⊕HH
(n−1)
n−1 (R)⊗HH
(1)
1 (Q[ε]),
which can be simplified as
HH(n)n (R[ε]) = Ω
n
R/Q ⊗Q[ε]⊕ Ω
n−1
R/Q ⊗Q.
Therefore, we have
HH(n)n (R[ε], ε) = Ω
n
R/Q ⊕ Ω
n−1
R/Q.
Once again, we still have
HC(n)n (R[ε], ε) = Ω
n
R/Q.

The above result tells us that
Theorem 4.6.
HCn(R[ε], ε) = Ω
n
R/Q ⊕ Ω
n−2
R/Q ⊕ . . .
the last term is Ω1R/Q or R, depending on n odd or even.
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The following corollaries are obvious from the fact that for any com-
mutative k-algebra A , where k is a field of characteristic 0, and I be
an ideal of A,
HNn(A, I) = HCn−1(A, I).
HN (i)n (A, I) = HC
(i−1)
n−1 (A, I).
Corollary 4.7.
(4.4)
{
HN
(i)
n (R[ε], ε) = Ω
2i−n−1
R/Q , for
n
2
< i ≤ n.
HN
(i)
n (R[ε], ε) = 0, else.
Corollary 4.8.
HNn(R[ε], ε) = Ω
n−1
R/Q ⊕ Ω
n−3
R/Q ⊕ . . .
the last term is Ω1R/Q or R, depending on n even or odd.
We can also generalize the above results to the sheaf level.
Theorem 4.9. Let X be a regular scheme over a field k, chark = 0.
we have the following
(4.5)
{
HN
(i)
n (OX [ε], ε) = Ω
2i−n−1
OX/Q
, for n
2
< i ≤ n.
HN
(i)
n (OX [ε], ε) = 0, else.
It follows that
HNn(OX [ε], ε) = Ω
n−1
OX/Q
⊕ Ωn−3OX/Q ⊕ . . .
the last term is Ω1OX/Q or OX , depending on n even or odd.
4.3. Goodwillie and Cathelineau isomorphism. In this subsec-
tion, we will show Goodwillie and Cathelineau type results for non-
connective K-groups. We begin with recalling Adams’ operations on
K-groups.
Adams’ operations on K-groups. In [29], Soule´ showed that
there exists Adams operations ψk acting on K-groups with supports
Kn(X on Y ), n ≥ 0. He considered K-theory as a generalized coho-
mology theory:
K = Z×BGL+.
Hence, we have
K(X) = H(X,Z× BGL+)
and
K(X on Y ) = HY (X,Z× BGL
+).
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where Y is closed in X and and K(X on Y ), K-theory of X with
support in Y , is defined as the homotopy fibre of
BQP (X)→ BQP (X − Y )
here P (X) is the category of locally free sheaves of finite rank on X
and Q stands for Quillen’s Q-construction.
Now, we let RZ(GLN ) be the Grothendieck group of representations
of the general linear group scheme of GLN . Then it is well known
that RZ(GLN) has a λ-ring structure. And moreover, an element of
RZ(GLN ) induces a morphism
Z×BGL+N → Z×BGL
+.
In other word, there is a morphism between abelian groups:
RZ(GLN )→ [Z× BGL
+
N ,Z× BGL
+].
Passing to limit, we have
RZ(GL)→ [Z× BGL
+,Z× BGL+].
Furthermore, we have the following morphism by taking hypercoho-
mology:
RZ(GL)→ [HY (X,Z× BGL
+),HY (X,Z×BGL
+)].
And finally we arrive at group level:
RZ(GL)→ [Km(X on Y ), Km(X on Y )].
In other word, the λ-operations on Km(X on Y ) are induced from
the λ-operations of RZ(GLN). In fact, this is exact the point to prove
Km(X on Y ) carries a λ-ring structure.
Since the appearance of the non-zero negative non-connective K-
groups in our study, we need to extend the above Adams operations ψk
to negative range. This can be done by descending induction, according
to Weibel[34].
For every integer n ∈ Z, we have the following Bass fundamental
exact sequence.
0→Kn(X on Y )→ Kn(X [t] on Y [t])⊕Kn(X [t
−1] on Y [t−1])
→ Kn(X [t, t
−1] on Y [t, t−1])→ Kn−1(X on Y )→ 0.
For any x ∈ K−1(X on Y ), we have x · t ∈ K0(X [t, t−1] on Y [t, t−1]),
where t ∈ K1(k[t, t−1]). We have
ψk(x · t) = ψk(x)ψk(t) = ψk(x)k · t.
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Tensoring withQ, we have obtained Adams operations ψk onK−1(X on Y ):
ψk(x) =
ψk(x · t)
k · t
.
Continuing this procedure, we obtain Adams operations on all the
negative K-groups.
Goodwillie and Cathelineau isomorphism. Now, we show Good-
willie and Cathelineau-type results for non-connective K-groups. Let’s
recall that in [13] Goodwillie shows the relative Chern character is an
isomorphism between the relative K-groupKn(A, I) and negative cyclic
homology HNn(A, I), where A is a commutative Q-algebra and I is a
nilpotent ideal in A.
Theorem 4.10. [13] Let I be a nilpotent ideal in a commutative Q-
algebra A, the relative Chern character
Ch : Kn(A, I)→ HNn(A, I)
is an isomorphism.
This result is further generalized by Cathelineau in [8]
Theorem 4.11. [8] The Goodwillie’s isomorphism
Kn(A, I) = HNn(A, I)
respects Adams operation. That is,
K(i)n (A, I) = HN
(i)
n (A, I),
here K
(i)
n and HN
(i)
n are eigen-spaces of ψk = ki and ψk = ki+1 respec-
tively.
In [10, appendix B], Cortin˜as-Haesemeyer-Weibel show a space level
version of Goodwillie’s theorems. For every nilpotent sheaf of ideal I,
they define K(O, I) and HN(O, I) as the following presheaves respec-
tively:
U → K(O(U), I(U))
and
U → HN(O(U), I(U)).
They write K(O, I) and HN (O, I) for the presheaves of spectrum
whose initial spaces are K(O, I) and HN(O, I) respectively. More-
over, one defines K(i)(O, I) as the homotopy fiber of K(O, I) on which
ψk − ki acts acyclicly. And we define HN (i)(O, I) similarly. Good-
willie’s theorem and Cathelineau’s isomorphism can be generalized in
the following way.
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Theorem 4.12. [10] The relative Chern character induces homotopy
equivalence of spectra:
Ch : K(O, I) ≃ HN (O, I)
and
Ch : K(i)(O, I) ≃ HN (i)(O, I).
Now, let X be a scheme essenially finite type over a field k, where
Chark = 0. Let Y be a closed subset in a scheme X and U = X − Y .
Let H(X, •) denote Thomason’s hypercohomology of spectra. We
have the following Nine-diagrams(each column and row are homotopy
fibration):
HY (X,K(O, ε)) −−−→ H(X,K(O, ε)) −−−→ H(U,K(O, ε))y y y
HY (X,K(OX [ε])) −−−→ H(X,K(OX [ε])) −−−→ H(U,K(OU [ε]))y y y
HY (X,K(OX)) −−−→ H(X,K(OX)) −−−→ H(U,K(OU))
and
HY (X,HN (O, ε)) −−−→ H(X,HN (O, ε)) −−−→ H(U,HN (O, ε))y y y
HY (X,HN (OX [ε])) −−−→ H(X,HN (OX[ε])) −−−→ H(U,HN (OU [ε]))y y y
HY (X,HN (OX)) −−−→ H(X,HN (OX)) −−−→ H(U,HN (OU))
The above diagrams result in the following result
Theorem 4.13. HY (X,K(O, ε)) is the homotpy fibre of
HY (X,K(OX [ε]))→ HY (X,K(OX)),
and HY (X,HN (O, ε)) is the homotopy fibre of
HY (X,HN (OX [ε]))→ HY (X,HN (OX)).
Combining Goodwillie’s isomorphism(space version) with the above
result, we have proved the following theorem, which can be considered
as a Goodwillie-type isomorphism for relative K-groups with support.
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Theorem 4.14. Let Kn(X [ε] on Y [ε], ε) denote the kernel of
Kn(X [ε] on Y [ε])→ Kn(X on Y )
and HNn(X [ε] on Y [ε], ε) denote the kernel of
HNn(X [ε] on Y [ε])→ HNn(X on Y ),
we have
Kn(X [ε] on Y [ε], ε) = HNn(X [ε] on Y [ε], ε).
According to [10, appendix B], there exists the following two splitting
fibrations
K(i)(O, ε)→ K(O, ε)→
∏
j 6=i
K(j)(O, ε),
and
HN (i)(O, ε)→HN (O, ε)→
∏
j 6=i
HN (j)(O, ε).
Sine taking HY (X,−) perserves homotopy fibrations, there exists the
following two splitting fibrations:
HY (X,K
(i)(O, ε))→ HY (X,K(O, ε))
ψk−ki
−−−→ HY (X,
∏
j 6=i
K(j)(O, ε)),
HY (X,HN
(i)(O, ε))→ HY (X,HN (O, ε))
ψk−ki+1
−−−−−→ HY (X,
∏
j 6=i
HN (j)(O, ε)).
Passing to group level, we obtain the following results:
Theorem 4.15.
H−nY (X,K
(i)(O, ε)) = {x ∈ H−nY (X,K(O, ε))|ψ
k(x)− ki(x) = 0}.
H−nY (X,HN
(i)(O, ε)) = {x ∈ H−nY (X,HN (O, ε))|ψ
k(x)−ki+1(x) = 0}.
We have shown that
H−nY (X,K(O, ε)) = Kn(X [ε] on Y [ε], ε)
and
H−nY (X,HN (O, ε)) = HNn(X [ε] on Y [ε], ε).
Therefore, the homotopy equivalences
K(O, ε) ≃ HN (O, ε)
and
K(i)(O, ε) ≃ HN (i)(O, ε),
give us the following refiner result:
Theorem 4.16.
K(i)n (X [ε] on Y [ε], ε) = HN
(i)
n (X [ε] on Y [ε], ε).
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This result enables us to compute the relative K-groups with support
in terms of the relative negative cyclic groups with support. Now,
we show an explicit computation on relative negative cyclic groups
with support which will be used later. Recall that X(j) = {x ∈ X |
dimKrullOX,x = j}.
Theorem 4.17. Suppose X is a d-dimensional regular scheme over a
field k, where Chark = 0 and y ∈ X(j). For any integer m, we have
HNm(OX,y[ε] on y[ε], ε) = H
j
y(Ω
•
OX,y/Q
),
where Ω•OX,y/Q = Ω
m+j−1
OX,y/Q
⊕ Ωm+j−3OX,y/Q ⊕ . . .
Proof. OX,y is a regular local ring with dimension j, so the depth of
OX,y is j. For each n ∈ Z, Ω
n
OX,y/Q
can be written as a direct limit of
O⊕X,y’s. Therefore, Ω
n
OX,y/Q
has depth j.
Let HNm(OX,y[ε] on y[ε], ε) denote the kernel of the projection:
HNm(OX,y[ε] on y[ε])
ε=0
−−→ HNm(OX,y on y).
Then HNm(OX,y[ε] on y[ε], ε) can be identified with the hypercohomol-
ogy H−my (OX,y, HN(OX,y[ε], ε)), where HN(OX,y[ε], ε) is the relative
negative cyclic complex, that is the kernel of
HN(OX,y[ε])
ε=0
−−→ HN(OX,y).
There is a spectral sequence :
Hpy (OX,y, H
q(HN(OX,y[ε], ε))) =⇒ H
−m
y (HN(OX,y[ε], ε)).
By corollary 4.8, we have
Hq(HN(OX,y[ε], ε)) = HN−q(OX,y[ε], ε) = Ω
−q−1
OX,y/Q
⊕ Ω−q−3OX,y/Q ⊕ . . .
As each ΩnOX,y/Q has depth j, only H
j
y(X,H
q(HN(OX,y[ε], ε))) can sur-
vive because of the depth condition. This means q = −m− j and
H−m−j(HN(OX,y[ε], ε)) = HNm+j(OX,y[ε], ε) = Ω
m+j−1
OX,y/Q
⊕Ωm+j−3OX,y/Q⊕. . .
Let’s write
Ω•OX,y/Q = Ω
m+j−1
OX,y/Q
⊕ Ωm+j−3OX,y/Q ⊕ . . .
Thus
H−my (HN(OX,y[ε], ε)) = H
j
y(Ω
•
OX,y/Q
).
this means
HNm(OX,y[ε] on yε, ε) = H
j
y(Ω
•
OX,y/Q
).

Repeating the above proof and noting corollary 4.7, we have the
following refiner result:
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Theorem 4.18. Suppose X is a d-dimensional regular scheme over a
field k, where Chark = 0 and y ∈ X(j). For any integer m, we have
HN (i)m (OX,y[ε] on y[ε], ε) = H
j
y(Ω
•,(i)
OX,y/Q
),
where
(4.6)


Ω
•,(i)
OX,y/Q
= Ω
2i−(m+j)−1
OX,y/Q
, for m+j
2
< i ≤ m+ j.
Ω
•,(i)
OX,y/Q
= 0, else.
Combining theorem 4.16 and theorem 4.17 with theorem 4.18, we
have the following corollary
Corollary 4.19. Under the same assumption as above, we have
Km(OX,y[ε] on y[ε], ε) = H
j
y(Ω
•
OX,y/Q
),
where Ω•OX,y/Q = Ω
m+j−1
OX,y/Q
⊕ Ωm+j−3OX,y/Q ⊕ . . .
Moreover, we have
K(i)m (OX,y[ε] on y[ε], ε) = H
j
y(Ω
•,(i)
OX,y/Q
),
where
(4.7)


Ω
•,(i)
OX,y/Q
= Ω
2i−(m+j)−1
OX,y/Q
, for m+j
2
< i ≤ m+ j.
Ω
•,(i)
OX,y/Q
= 0, else.
We have the following generalization for εn = 0, where n is any
integer.
Corollary 4.20. Let ε satisfy εn = 0. Under the same assumption as
above, we have
Km(OX,y[ε] on y[ε], ε) = H
j
y(Ω
•
OX,y/Q
),
where Ω•OX,y/Q = (Ω
m+j−1
OX,y/Q
⊕ Ωm+j−3OX,y/Q ⊕ . . . )
⊕n−1.
Moreover, we have
K(i)m (OX,y[ε] on y[ε], ε) = H
j
y(Ω
•,(i)
OX,y/Q
),
where
(4.8)


Ω
•,(i)
OX,y/Q
= (Ω
2i−(m+j)−1
OX,y/Q
)⊕n−1, for m+j
2
< i ≤ m+ j.
Ω
•,(i)
OX,y/Q
= 0, else.
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4.4. Bloch’s formula. Recall thatX is a d-dimensional regular scheme
of finite type over a field k, where Chark = 0. Let Tj denote the
spectrum of the truncated polynomial Spec(k[t]/(tj+1)) and Xj denote
the j-th infinitesimal neighborhood, i.e. Xj = X × Tj . The aim of
this subsection is to extend Bloch’s formula from X to its infinitesi-
mal neighborhood Xj. The tensor triangulated category D
perf(X) and
Dperf(Xj) are equipped with −codimKrull as a dimension function.
Definition 4.21. [4, definition 4] or similar definition 3.4.
For any interger q, there exists the following augmented Gersten
complex Gj on the j-th infinitesimal neighborhood Xj
Gj : 0→ Kq(Xj)→ Kq(k(X)j)→
⊕
xj∈X
(1)
j
Kq−1(OXj ,xj on xj)→ . . .
→ · · · →
⊕
xj∈X
(d)
j
Kq−d(OXj ,xj on xj)→ 0
where Xj = X × Tj , k(X)j = k(X)× Tj , xj = x× Tj .
The sheafification of this Gersten complex is indeed a flasque resolu-
tion as proved below. In the following, we focus on j = 1 for simplicity.
Theorem 4.22. There exists the following splitting commutative dia-
gram(the integer q ≥ 1):
0 0 0y y y
Ω•X/Q ←−−−− Kq(X [ε]) ←−−−− Kq(X)y y y
Ω•k(X)/Q ←−−−− Kq(k(X)[ε]) ←−−−− Kq(k(X))y y y
⊕x∈X(1)H
1
x(Ω
•
X/Q) ←−−−− ⊕x[ε]∈X[ε](1)Kq−1(OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(1)Kq−1(OX,x on x)y y y
. . . ←−−−− . . . ←−−−− . . .y y y
⊕x∈X(d)H
d
x(Ω
•
X/Q) ←−−−− ⊕x[ε]∈X[ε](d)Kq−d(OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(d)Kq−d(OX,x on x)y y y
0 0 0
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where
(4.9)
{
Ω•X/Q = Ω
q−1
X/Q ⊕ Ω
q−3
X/Q ⊕ . . .
Ω•k(X)/Q = Ω
q−1
k(X)/Q ⊕ Ω
q−3
k(X)/Q ⊕ . . .
Proof. The existence of the right two columns are definition 4.21. The
left one, classical Cousin complex, can be obtained by direct computa-
tion, using corollary 4.19. 
Theorem 4.23. For each integer j, the sheafified Gersten complex Gj
is a flasque resolution.
Proof. For j = 1, since X is regular, the sheafifications of both the
left and right column in theorem 4.22 are flasque resolutions. So is the
middle. For general j, the same method works. 
Remark 4.24. The above two theorems answer the following question
asked by Green-Griffiths in [16]:
Can one define the Bloch-Quillen-Gersten sequence Gj
on infinitesimal neighborhoodsXj = X×Spec(k[t]/(t
j+1)
so that
ker(G1 → G0) = TG0,
where TG0 is a Cousin resolution of differentials.
The readers can check [16] for more background and [11,36] for discus-
sion of the above theorem from different point of view(Chern character,
effacement theorem etc).
Now we can extend Bloch’s formula to the infinitesimal neighbor-
hoods Xj.
Theorem 4.25. Bloch’s formula
We have the following identification
CHq(D
perf(Xj)) = H
q(X,Kq(OXj)).
In particular, for j = 1,
CHq(D
perf(X [ε])) = Hq(X,Kq(OX [ε])).
Proof. The definition of CHq(D
perf(Xj)) says that it equal to the q-th
cohomology of the Gersten complex Gj
CHq(D
perf(Xj) = H
q(Gj).
It follows because of the fact that the sheafification of Gj is a flasque
resolution. 
Now, we consider the K-theoretic Chow group as a functor on X and
define the tangent space to it as usually.
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Definition 4.26. The tangent space to CHq(D
perf(X)), denoted by
TfCHq(D
perf(X)), is defined as
TfCHq(D
perf(X)) := Ker{Chq(D
perf(X [ε]))
ε=0
−−→ CHq(D
perf(X))}.
We can identify this tangent space with cohomology group of abso-
lute differentials.
Theorem 4.27.
TfCHq(D
perf(X)) = Hq(Ω•OX/Q),
where Ω•OX/Q = Ω
q−1
OX/Q
⊕ Ωq−3OX/Q ⊕ . . .
Proof. Diagram chasing. Immediately follows from theorem 4.22 and
4.23. 
Next, we want to use Adams’ operation to refiner the diagram in the-
orem 4.22. Since q can be any integer there, negative K-groups might
appear. One can use Weibel’s method to extend Adams’ operations
to negative K-groups, as recalled in section 4.3. In the following, K
(i)
n
denotes the eigen-space of ψk = ki.
Theorem 4.28. There exists the following splitting commutative di-
agram(the integer q ≥ 1), each column is a complex whose Zariski
sheafification is a flasque resolution.
0 0 0y y y
Ω
•,(i)
X/Q ←−−−− K
(i)
q (X [ε]) ←−−−− K
(i)
q (X)y y y
Ω
•,(i)
k(X)/Q ←−−−− K
(i)
q (k(X)[ε]) ←−−−− K
(i)
q (k(X))y y y
⊕x∈X(1)H
1
x(Ω
•,(i)
X/Q) ←−−−− ⊕x[ε]∈X[ε](1)K
(i)
q−1(OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(1)K
(i)
q−1(OX,x on x)y y y
. . . ←−−−− . . . ←−−−− . . .y y y
⊕x∈X(d)H
n
x (Ω
•,(i)
X/Q) ←−−−− ⊕x[ε]∈X[ε](d)K
(i)
q−d(OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(d)K
(i)
q−d(OX,x on x)y y y
0 0 0
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where
(4.10)


Ω
•,(i)
X/Q = Ω
2i−q−1
X/Q , for
q
2
< i ≤ q.
Ω
•,(i)
X/Q = 0, else.
Proof. We note that negative K-groups(if appear) of the right column
theorem 4.22 are 0, so we can use Adam’s operations [29], defined
at space level, to decompose this column directly. This means that
the right column of the above diagram is a complex whose Zariski
sheafification is a flasque resolution.
It’s obvious that the left column of the above diagram is a complex
whose its Zariski sheafification is a flasque resolution. The differential
∂ε of the middle column of theorem 4.22 satisfies ∂ε = (δ, ∂), where δ
and ∂ are differentials of the left and right columns respectively. Using
corollary 4.19, the middle column is the direct sum of the left and right
one. So the middle column of the above diagram also is a complex
whose Zariski sheafification is a flasque resolution. 
In particular, we are interested in the “Milnor K-theory”. letting
i = q, one have the following theorem.
Theorem 4.29. There exists the following splitting commutative dia-
gram, each column is a complex whose Zariski sheafification is a flasque
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resolution. Here we assume the integer q satisfies 1 ≤ q ≤ d.
0 0 0y y y
Ωq−1X/Q ←−−−− K
M
q (X [ε]) ←−−−− K
M
q (X)y y y
Ωq−1k(X)/Q ←−−−− K
M
q (k(X)[ε]) ←−−−− K
M
q (k(X))y y y
⊕x∈X(1)H
1
x(Ω
q−1
X/Q) ←−−−− ⊕x[ε]∈X[ε](1)K
M
q−1(OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(1)K
M
q−1(OX,x on x)y y y
. . . ←−−−− . . . ←−−−− . . .y y y
⊕x∈X(q−1)H
q−1
x (Ω
q−1
X/Q) ←−−−− ⊕x[ε]∈X[ε](q−1)K
M
1 (OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(q−1)K
M
1 (OX,x on x)y dq−1,−q1,q,ε y dq−1,−q1,q y
⊕x∈X(q)H
q
x(Ω
q−1
X/Q) ←−−−− ⊕x[ε]∈X[ε](q)K
M
0 (OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(q)K
M
0 (OX,x on x)y dq,−q1,q,εy dq,−q1,q y
⊕x∈X(q+1)H
q+1
x (Ω
q−1
X/Q) ←−−−− ⊕x[ε]∈X[ε](q+1)K
M
−1(OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(q+1)K
M
−1(OX,x on x)y y y
. . . ←−−−− . . . ←−−−− . . .y y y
⊕x∈X(d)H
d
x(Ω
q−1
X/Q) ←−−−− ⊕x[ε]∈X[ε](d)K
M
q−d(OX,x[ε] on x[ε]) ←−−−− ⊕x∈X(d)K
M
q−d(OX,x on x)y y y
0 0 0
The middle and right columns are complexes, so the definition 4.4
applies.
Definition 4.30. The Milnor K-theoretic q-cycles and rational equiv-
alence of (X,OX) are defined to be
ZMq (D
perf(X)) := Ker(dq,−q1,q )
ZMq,rat(D
perf(X)) := Im(dq−1,−q1,q ).
The qth Milnor K-theoretic Chow group of (X,OX) is defined to be
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CHMq (D
perf(X)) :=
ZMq (D
perf(X))
ZMq,rat(D
perf(X))
.
The Milnor K-theoretic q-cycles and rational equivalence of (X,OX [ε])
are defined to be
ZMq (D
perf(X [ε])) := Ker(dq,−q1,q,ε)
ZMq,rat(D
perf(X [ε])) := Im(dq−1,−q1,q,ε ).
The qth Milnor K-theoretic Chow group of (X,OX [ε]) is defined to
be
CHMq (D
perf(X [ε])) :=
ZMq (D
perf(X [ε]))
ZMq,rat(D
perf(X [ε]))
.
Agreement. We now prove that our Milnor K-theoretic Chow group
agrees with the classical ones for regular schemes, after tensoring with
Q.
Theorem 4.31. For X is a regular scheme of finite type over a field k,
let Zq(X), Zqrat(X) and CH
q(X) denote the classical q-cycles, rational
equivalence and Chow groups respectively, after tensoring with Q, then
we have the following identifications
ZMq (D
perf(X)) = Zq(X)
ZMq,rat(D
perf(X)) = Zqrat(X)
CHMq (D
perf(X)) = CHq(X).
Proof. Since X is a regular, Soule´’s Riemann-Roch without denomina-
tor [29, or theorem 4.3] shows that the right column of theorem 4.29
agrees with the following classical sequence, ignoring torsion
0→KMq (OX)→ K
M
q (k(X))→
⊕
x∈X(1)
KMq−1(k(x))→ . . .
→
⊕
x∈X(q−1)
KM1 (k(x))
dq−1,−q1,q
−−−−−→
⊕
x∈X(q)
KM0 (k(x))
dq,−q1,q
−−−→ 0.
Noting KM0 (k(x)) = K0(k(x)) = Z, one has
ZMq (D
perf(X)) = Ker(dq,−q1 ) =
⊕
x∈X(q)
KM0 (k(x)) = Z
q(X).
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SinceKM1 (k(x)) = K1(k(x)), as explained in Quillen’s proof of Bloch’s
formula [25], the image of dq−1,−q1 gives the rational equivalence. Hence,
ZMq,rat(D
perf(X)) = Im(dq−1,−q1 ) = Z
q
rat(X).
Therefore, we have the following identification
CHMq (D
perf(X)) = CHq(X).

Also we obtain Bloch’s formulas. This gives a positive answer to
Green-Griffiths’ Question 1.1 on page 2.
Theorem 4.32. Bloch’s formula
After tensoring with Q, we have the following identifications:
CHMq (D
perf(X)) = Hq(X,K(q)q (OX)) = H
q(X,KMq (OX)).
CHMq (D
perf(X [ε])) = Hq(X,K(q)q (OX [ε])) = H
q(X,KMq (OX [ε])).
Proof. Immediately from the flasque resolutions of sheafifications of
columns in theorem 4.29. 
Now, we define the tangent space to Milnor K-theoretic Chow group.
Definition 4.33. The tangent space to CHMq (D
perf(X)), denoted by
TfCH
M
q (D
perf(X)), is defined to be
TfCH
M
q (D
perf(X)) := Ker{CHMq (D
perf(X [ε]))
ε=0
−−→ CHMq (D
perf(X))}.
Recall that one can formally define tangent space to the classical
Chow group as
TfCH
q(X) = Hq(X, TKMq (OX)) = H
q(X,Ωq−1OX/Q).
Our definition agrees with it:
Theorem 4.34.
TfCH
M
q (D
perf(X)) = Hq(X,Ωq−1OX/Q) = TfCH
q(X).
Proof. Diagram chasing. Immediately from theorem 4.29. 
We continue studying the geometry of these Milnor K-theoretic Chow
groups and their tangent spaces in forthcoming papers.
36 SEN YANG
References
[1] P.Balmer, Presheaves of triangulated categories and reconstruction of schemes,
Math. Ann. 324 (2002), no. 3, 557-580.
[2] P.Balmer, The spectrum of prime ideals in tensor triangulated categories, J.
Reine Angew. Math. 588 (2005), 149-168.
[3] P.Balmer, Supports and filtrations in algebraic geometry and modular repre-
sentation theory, Amer. J. Math. 129 (2007), no. 5, 1227-1250.
[4] P.Balmer, Niveau spectral sequences on singular schemes and failure of gener-
alized Gersten conjecture, Proceedings of the American Mathematical Society
137, no 1 (2009), pp. 99-106.
[5] P.Balmer, Tensor triangular Chow groups, Journal of Geometry and Physics,
4 pages, to appear.
[6] P.Balmer, Tensor triangular geometry, Proceedings of the International Con-
gress of Mathematicians. Volume II, 85-112, Hindustan Book Agency, New
Delhi, 2010.
[7] P.Balmer; M.Schlichting, Idempotent completion of triangulated categories, J.
Algebra 236 (2001), no. 2, 819-834.
[8] J.-L. Cathelineau, lambda structures in Algebraic K-theory and Cyclic Homol-
ogy, K-theory 4 (1991), 591-606.
[9] G.Cortin˜as, C.Haesemeyer, M. Schlichting and C.Weibel, Cyclic homology,cdh-
cohomology and negative k-theory, Annals of Math. 167 (2008), 549-563.
[10] G. Cortin˜as, C. Haesemeyer and C.Weibel, Infinitesimal cohomology and the
Chern character to negative cyclic homology, Math. Annalen 344 (2009), 891-
922.
[11] B.Dribus, J.W.Hoffman and S.Yang, Higher algebraic K-theory and tangent
spaces to Chow groups, In preparation.
[12] W.Fulton, Intersection theory, Second edition. Ergebnisse der Mathematik und
ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Re-
sults in Mathematics and Related Areas. 3rd Series. A Series of Modern Sur-
veys in Mathematics], 2. Springer-Verlag, Berlin, 1998. xiv+470 pp. ISBN:
3-540-62046-X;
[13] T. Goodwillie, Relative algebraic K-theory and cyclic homology, Ann. of Math.
124 (1986), 347-402.
[14] H.Gillet, K -theory and intersection theory, Handbook of K-theory. Vol. 1, 2,
235293, Springer, Berlin, 2005
[15] M.Green and P.Griffiths, Formal deformation of Chow groups, The legacy of
Niels Henrik Abel. (2004) 467-509 Springer, Berlin.
[16] M.Green and P.Griffiths, On the Tangent space to the space of algebraic cy-
cles on a smooth algebraic variety, Annals of Math Studies, 157. Princeton
University Press, Princeton, NJ, 2005, vi+200 pp. ISBN: 0-681-12044-7.
[17] S. Geller and C. Weibel, Hodge Decompositions of Loday symbols in K-theory
and cyclic homology, K-theory 8 (1994), 587-632.
[18] R.Hartshorne, Residues and duality, Lecture Notes in Mathematics, No. 20
Springer-Verlag, Berlin-New York 1966 vii+423 pp.
[19] S.Klein, Chow groups of tensor-triangulated categories, Preprint, 4 Jan 2013.
Available at arXiv:1301.0707v1.
[20] M.Levine and C. Weibel, Zero-cycles and complete intersections on affine sur-
faces, J. Reine u. Ang. Math. 359:106-120, 1985.
K-THEORETIC CHOW GROUPS OF DERIVED CATEGORIES OF SCHEMES ON A QUESTION BY GREEN-GRIFFITHS37
[21] M.Levine, Bloch’s formula for singular surfaces, Topology 24 (1985), no. 2,
165174.
[22] Jean-Louis Loday. Cyclic homology, volume 301 of Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1992. Appendix E by Mara O. Ronco.
[23] C.Pedrini; C.Weibel, K-theory and Chow groups on singular varieties, Appli-
cations of algebraic K-theory to algebraic geometry and number theory, Part
I, II (Boulder, Colo., 1983), 339370, Contemp. Math., 55, Amer. Math. Soc.,
Providence, RI, 1986.
[24] C.Pedrini; C.Weibel, Bloch’s formula for varieties with isolated singularities,
Comm. Algebra 14 (1986), no. 10, 18951907.
[25] D.Quillen, Higher algebraic K-theory, I. In: Algebraic K-theory, I: Higher K-
theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972). Lecture
Notes in Math., vol. 341, pp. 85147. Springer, Berlin (1973)
[26] P.Berthelot; A.Grothendieck; L.Illusie, Se´minaire de Ge´ome´trie Alge´brique du
Bois Marie - 1966-67 - The´orie des intersections et the´ore`me de Riemann-Roch
- (SGA 6), (Lecture notes in mathematics 225) (in French). Berlin; New York:
Springer-Verlag. xii+700. doi:10.1007/BFb0066283. ISBN 978-3-540-05647-8.
[27] M.Schlichting, Higher algebraic K-theory(after Quillen, Thomason and others),
Topics in Algebraic and Topological K-theory. Springer Lecture Notes in Math.
2008 (2011), 167-242.
[28] M.Schlichting, Negative K-theory of derived categories, Math. Z. 253 (2006),
no. 1, 97 - 134.
[29] C. Soule´, Ope´rations en K-the´orie alge´brique, Canad. J. Math. 37 (1985), 488-
550.
[30] V.Srinivas, Algebraic cycles on singular varieties, in Proceedings Internat. Con-
gress Math. Vol. II, Hindustan Book Agency (2010) 603-623.
[31] R.W.Thomason, The classification of triangulated subcategories, Compositio
Math. 105 (1997), no. 1, 127
[32] R. W. Thomason and T. Trobaugh, Higher algebraic K-theory of schemes and
of derived categories, In The Grothendieck Festschrift, Volume III, volume 88
of Progress in Math., pages 247-436. Birkhauser, Boston, Basel, Berlin, 1990.
[33] V.Voevodsky, Triangulated categories of motives over a field. Cycles, transfers,
and motivic homology theories, 188-238, Ann. of Math. Stud., 143, Princeton
Univ. Press, Princeton, NJ, 2000.
[34] C. Weibel, Pic is a contracted functor, Invent. Math. 103 (1991), 351-377.
[35] C. Weibel, Cyclic homology for schemes, Proc. AMS 124 (1996), 1655-1662.
[36] S.Yang, Higher algebraic K-theory and tangent spaces to Chow groups, thesis.
Yau Mathematical Sciences Center, Tsinghua University, Beijing,
China,
E-mail address : syang@math.tsinghua.edu.cn; senyangmath@gmail.com
